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ERGODICITE´ ET E´QUIDISTRIBUTION
EN GE´OME´TRIE DE HILBERT
ZHU FENG
Abstract. In this paper we show that dynamical and counting results charac-
teristic of negatively-curved Riemannian geometry, or more generally CAT(-1)
or rank-one CAT(0) spaces, also hold for geometrically-finite strictly convex
projective structures equipped with their Hilbert metric.
More specifically, such structures admit a finite Bowen–Margulis measure;
with respect to this measure, the Hilbert geodesic flow is strongly mixing, and or-
bits and primitive closed geodesics equidistribute, allowing us to asymptotically
enumerate these objects.
In [Mar69], Margulis established counting results for uniform lattices in constant
negative curvature, or equivalently for closed hyperbolic manifolds, by means of
ergodicity and equidistribution results for the geodesic flows on these manifolds
with respect to suitable measures. Thomas Roblin, in [Rob03], obtained analogous
ergodicity and equidistribution results in the more general setting of CAT(-1)
spaces. These results include ergodicity of the horospherical foliations, mixing of
the geodesic flow, orbital equidistribution of the group, equidistribution of primitive
closed geodesics, and, in the geometrically finite case, asymptotic counting estimates.
Gabriele Link later adapted similar techniques to prove similar results in the even
more general setting of rank-one isometry groups of Hadamard spaces in [Lin20].
These results do not directly apply to manifolds endowed with strictly convex
projective structures, considered with their Hilbert metrics and associated Bowen-
Margulis measures, since strictly convex Hilbert geometries are in general not
CAT(-1) or even CAT(0) (see e.g. [Egl97], Appendix B.) Nevertheless, these Hilbert
geometries exhibit substantial similarities to Riemannian geometries of pinched
negative curvature. In particular, there is a good theory of Busemann functions
and of Patterson-Sullivan measures on these geometries. Crampon and Marquis,
in [Cra11], [CM14a] and [CM14b], used this to study the geodesic flow on these
geometries and show that this flow is uniformly hyperbolic and topologically mixing
on the non-wandering set.
In this note, we show that we can obtain strong mixing of the geodesic flow with
respect to the Bowen-Margulis measure, as well as some of Roblin’s equidistribution
results—orbital equidistribution of the group and equidistribution of primitive closed
geodesics—in the setting of geometrically-finite strictly convex Hilbert geometries
(“our setting”):
Theorem. Let Ω be a strictly convex projective domain with C1 boundary, and let
Γ < Aut(Ω) be a discrete group acting geometrically finitely on Ω.
(i) (Theorem 10) Γ admits a finite Bowen–Margulis measure mΓ, associated to a
Γ-invariant conformal density µ of dimension δ = δ(Γ).
(ii) (Theorem 18) The Hilbert geodesic flow (gtΓ)t∈R on SΩ/Γ is mixing for mΓ.
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2 F. Zhu
(iii) (Theorem 25) For all x, y ∈ Ω in the convex hull of the limit set ΛΓ,
δ‖mΓ‖e−δt
∑
γ∈Γ
dΩ(x,γy)≤t
Dγy ⊗Dγ−1x
converges weakly in C(Ω¯× Ω¯)∗ to µx ⊗ µy as t→∞.
(iv) (Theorem 29) Let GΓ(`) be the set of primitive closed geodesics of length at
most `. As `→ +∞,
δ`e−δ`
∑
g∈GΓ(`)
Dg → mΓ‖mΓ‖
(a) in Cc(SΩ/Γ)
∗, and also (b) in Cb(SΩ/Γ)∗.
Here dΩ denotes the Hilbert metric, Dx denotes a Dirac mass at x, and given
g ∈ GΓ(`), Dg denotes the normalized Lebesgue measure supported on g. C(X)∗,
Cc(X)
∗ and Cb(X)∗ denote the weak*-duals to, respectively, the space of continuous
functions, the space of compactly-supported continuous functions, and the space of
bounded continuous functions on X.
The proof of the mixing result follows the lines of arguments from [Bab02] and
[Ric17], using cross-ratios, length spectrums, and topological mixing. Measure-
theoretic mixing results such as this may be viewed as more quantitative versions of
topological mixing; they measure how chaotic the dynamical systems given by the
geodesic flows are, and can be useful tools for establishing equidistribution results
such as those which follow.
The proofs of the equidistribution results follow Roblin’s proofs closely, making
heavy use of mixing and of cones in the space and shadows on the boundary without
reference to any notion of angle, which is not well-defined in our setting. These
equidistribution results have as corollaries asymptotic counting results for orbits or
closed geodesics, and also have applications to the study of the deformation space
of strictly convex projective structures on hyperbolizable manifolds.
We remark that the mixing and equidistribution results in (ii), (iii) and (iv)(a)
may be generalized to larger classes of discrete subgroups Γ < Aut(Ω) admitting
finite Bowen–Margulis measures as long as the density of the length spectrum
(Lemma 19) is known. The result in (iv)(b) relies on structural properties of cusp
regions which are more integrally linked to the geometric finiteness condition.
Before proceeding with our principal contents, we will take a moment to point
out further connections, involving Patterson-Sullivan theory and counting results,
to the more general class of Anosov representations, defined by Labourie [Lab06]
and Guichard–Wienhard [GW12], which may be viewed as a higher-rank analogue
of convex cocompactness.
0.1. Counting and Patterson–Sullivan theory in higher rank. As alluded to
above, Roblin’s results continue a long line of equidistribution and counting results
in negative curvature. Here we survey related equidistribution and counting results
in the setting of higher Teichmu¨ller theory, which studies certain word-hyperbolic
subgroups of higher-rank semisimple Lie groups.
We remark that holonomies of strictly convex projective structures on closed hy-
perbolizable manifolds (henceforth, “Benoist subgroups”, in honor of Yves Benoist’s
work studying such convex projective structures) are one class of examples of the
subgroups studied in higher Teichmu¨ller theory; in particular, they satisfy the
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Anosov condition defined in [Lab06] and [GW12]. Holonomies of geometrically-finite
strictly convex projective structures are not Anosov, but satisfy a relative version of
the Anosov condition (see [Zhu19] or [KL18].)
In [Sam14], Sambarino studies the class of strictly convex subgroups, which
overlaps with the class of Anosov subgroups, and includes Benoist subgroups as
examples. He obtains equidistribution and counting results similar to the results
presented here, but using a slightly different notion of length:
Theorem ([Sam14], Theorems A and B). Let Γ < PGL(d,R) be strictly convex.
There exist h, c > 0 and probability measures µ, µ¯ on ∂∞Γ such that, as t→∞,
ce−ht
∑
γ∈Γ:log ‖γ‖<t
Dγ− ⊗Dγ+ → µ¯⊗ µ
in C(∂Ω× ∂Ω)∗ and
hte−ht#{[γ] ∈ [Γ] primitive : λ1(γ) ≤ t} → 1
where [Γ] is the set of conjugacy clases of Γ and λ1(γ) is the logarithm of the largest
eigenvalue of γ.
If Γ is hyperconvex, a more restricted class which includes Hitchin representa-
tions as primary examples. more fine-grained results ([Sam14], Theorem C; [Sam15])
can be obtained. In particular, since the holonomies of strictly convex projective
structures on closed surfaces are Hitchin, these results include the dimension-2
(surface) case of the results presented above as special cases.
These results are also proven using Patterson–Sullivan theory, in this case in
conjunction with the thermodynamical formalism. These methods have also been
extended to the setting of special-orthogonal projective Anosov subgroups by Car-
vajales in [Car18] to obtain similar counting results.
Organization. The rest of the paper is organised thus: section 1 collects the
necessary background on strictly convex Hilbert geometries and geometric finiteness
in that setting; section 2 describes the construction and properties of Patterson-
Sullivan measures and Bowen-Margulis measures for group acting geometrically
finitely on such geometries. Sections 3, 4 and 5 describe the proofs of Theorems 18,
25, and 29 respectively.
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1. Hilbert geometry
1.1. Strictly convex Hilbert geometries. A properly convex domain Ω ⊂
P(Rn+1) = RPn is a domain contained in some affine chart and bounded and
convex in that affine chart, in the usual Euclidean sense. A properly convex domain
Ω ⊂ RPn is strictly convex if its boundary contains no line segments.
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Given a properly convex domain Ω, we can define the Hilbert metric dΩ on it
as follows: given x, y ∈ Ω, extend the straight line between them so that it meets
∂Ω in a and b (and x is in between a, y.) Then dΩ(x, y) =
1
2 log
|ay||bx|
|ax||by| , where | · |
denotes Euclidean distance in the affine chart.
This can be shown to be a metric, and to be projectively invariant: in particular,
dΩ is well-defined independent of the choice of affine chart.
dΩ is a Finsler metric, with Finsler norm at x ∈ Ω given by
1
2
(
1
|xv+| +
1
|xv−|
)
|dx|
where v± denote the forward / backward endpoints (respectively) of the geodesic
through x tangent to the vector v whose norm we are measuring.
Straight (Euclidean) lines are always geodesics for dΩ. When Ω is strictly convex,
these are the unique geodesics for this metric.
For Ω a strictly convex domain equipped with its Hilbert metric dΩ, the Hilbert
geodesic flow (gt)t∈R on the unit tangent bundle SΩ is the unit (Hilbert) speed flow
along the geodesics. We remark that there is a natural involution ι on this flow,
given by running the flow backwards instead of forwards.
The geometry of strictly convex domains Ω ⊂ RPn equipped with the Hilbert
metric shares many features with negative-curved Riemannian geometries, even
beyond what may be expected given δ-hyperbolicity, although they are not in general
Riemannian or even CAT(-1). For instance, nearest-point projection from a point z
to a Hilbert geodesic ` ⊂ Ω is well-defined on the nose, not just coarsely as in the
case of general δ-hyperbolic space. This follows from the strict convexity of metric
balls ([CLT15], Lemma 1.7) and hence of the distance function d(z, ·) : `→ R.
Given a properly convex domain Ω, we write Aut(Ω) to denote the set of projective
automorphisms preserving Ω, i.e.
Aut(Ω) := {T ∈ PGL(n+ 1,R) = Aut(RPn) : T (Ω) ⊂ Ω}.
Projective automorphisms T ∈ Aut(Ω) are isometries of Ω equipped with the Hilbert
metric dΩ; in fact, in the strictly convex case, Aut(Ω) coincides with the isometry
group of (Ω, dΩ) (see e.g. [Mar14], Proposition 10.2.)
The isometries of (Ω, dΩ) may be classified as hyperbolic, parabolic, or elliptic: the
classification can be done in terms of translation length, or by looking at properties
of matrices in SL(n+1,R) considered as an isomorphic image / lift of PGL(n+1,R).
(For further details, see e.g. [CM14a], §3.) As in the hyperbolic case, closed geodesics
on a quotient Ω/Γ lift to axes of hyperbolic isometries on Ω.
Any discrete subgroup Γ ≤ Aut(Ω) acts properly discontinuously on Ω, with
quotient Ω/Γ an orbifold (for Γ torsionfree, a manifold) equipped with a convex
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projective structure, i.e. an atlas of charts to RPn which locally give the orbifold
the geometry of projective space. The Hilbert metric dΩ descends to a metric on
the quotient Ω/Γ, and the Hilbert geodesic flow (gt) descends to a flow (gtΓ) on the
quotient SΩ/Γ.
In this case, we will have locally-finite convex fundamental domains in Ω for the
action of Γ, which can be a helpful tool for studying the geometry of the quotient
Ω/Γ and the dynamics of the geodesic flow on the quotient SΩ/Γ:
Theorem 1 ([Mar14], Theorem 4.5). Let Γ ≤ PGL(n+ 1,R) be a discrete subgroup
acting on a properly convex open set Ω. There exists a convex open fundamental
domain F for the action of Γ on Ω, which is the intersection of half-spaces defined
by a locally-finite family of hyperplanes.
Here local finiteness means, in the first instance, that any compact subset of Ω
intersects only a finite number of translates of the fundamental domain, and in
the second instance that any compact subset of Ω intersects only a finite number
of hyperplanes in the family. Note in particular that the boundary F r F is a
locally-finite piecewise codimension-one submanifold.
We say Ω is divisible if there is some discrete subgroup Γ ≤ Aut(Ω) whose
action on Ω is in addition co-compact. The quotients Ω/Γ in this case are most
closely analogous to closed hyperbolic manifolds, and share many of their good
geometric and dynamical properties. In particular, in [Ben04] Benoist shows that if
Ω ⊂ RPn is a properly convex domain which is divisible by Γ, then the following
are equivalent:
i) Ω is strictly convex,
ii) ∂Ω is C1,
iii) Γ is δ-hyperbolic,
iv) (Ω, dΩ) is δ-hyperbolic.
In the course of the same work, Benoist also proved that if Ω is divisible, the
geodesic flow on the quotient Ω/Γ is Anosov; in particular one has a splitting
TSΩ = RX ⊕ Es ⊕ Eu where X is the flow direction and Es and Eu the stable
and unstable distributions, which are respectively tangent to stable and unstable
submanifolds of SΩ (which project to horospheres in Ω.)
1.2. Geometric finiteness. We will be interested in the broader class of Ω/Γ
which are not necessarily compact, but where any non-compactness is controlled in
the precise sense prescribed by geometric finiteness.
The notion of geometric finiteness arose first in the setting of Kleinian groups, and
has subsequently been extended to higher dimensions and the more general setting
of pinched negative curvature in [Bow95]; the group-theoretic notion of relative
hyperbolicity, see e.g. [Bow12], may be seen as an extension of geometric finiteness
to a more general δ-hyperbolic setting. This is essentially a notion associated with
negatively-curved geometry, and generalizes the geometric and dynamical behaviour
of finite-volume quotients of hyperbolic space.
Crampon and Marquis defined an analogous notion of geometric finiteness for
strictly convex Hilbert geometries with C1 boundary:
Definition 2. Let Ω be a strictly convex domain with C1 boundary and Γ ≤ Aut(Ω)
be a discrete subgroup.
The limit set ΛΓ = ΛΓ(Ω) is the subset of ∂Ω given by Γ · x \ (Γ · x) for any
x ∈ Ω.
6 F. Zhu
ξ ∈ ΛΓ is a conical limit point if there exists a sequence of elements (γn) ⊂ Γ
such that for some (and hence, by the triangle inequality, for any) x ∈ Ω, γnx→ ξ
and supn dΩ(γnx, [xξ)) <∞.
ξ ∈ ΛΓ is a uniformly bounded parabolic point if the stabilizer StabΓ(ξ)
acts cocompactly on Dξ(CH(ΛΓ \ {ξ})), the set of lines through ξ which meet the
closure of the convex hull of ΛΓ \ {ξ}.
We remark that our definition of conical limit points is equivalent, in this setting,
to a more general coarse-geometric characterization (see [CM14a], Lemme 5.10.)
Definition 3 ([CM14a]). Let Ω be a strictly convex domain with C1 boundary,
Γ ≤ Aut(Ω) be a discrete subgroup, and M = Ω/Γ be the corresponding quotient.
The group action Γ y Ω is geometrically finite if every point in the limit set
ΛΓ is either a conical limit point or a uniformly bounded parabolic point. In this
case we also say that the quotient Ω/Γ is geometrically finite.
Crampon and Marquis proved that this definition, given in terms of the dynamics
of the group acting on orbital accumulation points in ∂Ω, is equivalent to several
other geometric and topological descriptions, much like in the case of pinched
negative curvature: [CM14a], The´ore`me 1.3 states that for Ω a strictly convex
domain with C1 boundary, Γ ≤ Aut(Ω) a discrete subgroup, and M = Ω/Γ. The
following are equivalent1:
(GF) Γ y Ω is geometrically finite.
(TF) The quotient OΓ/Γ is an orbifold with boundary, which is the union of
a compact space and a finite number of quotients of standard parabolic
regions.
(PEC) The thick part of the convex core of M is compact.
(PNC) The non-cuspidal part of the convex core of M is compact.
(VF) The 1-neighborhood of the convex core of M has finite volume, and the
group Γ is of finite-type.
In particular, such a quotient M is tame (i.e. is the interior of a compact orbifold
with boundary) and hence Γ is finitely-presented. If, in addition, Ω/Γ has no cusps—
or, equivalently, if the group action Γ y Ω is such that every point in the limit set
ΛΓ is a conical limit point—then the action (or quotient) is convex co-compact.
There is an analogue of Benoist’s characterization of strict convexity in the finite-
volume setting, due to Cooper–Long–Tillmann ([CLT15], Theorem 0.15), which
states that for M = Ω/Γ a properly convex manifold of finite volume which is the
interior of a compact manifold N and where the holonomy of each component of
∂N is parabolic, the following are equivalent:
i) Ω is strictly convex,
ii) ∂Ω is C1,
iii) pi1N is hyperbolic relative to the subgroups of the boundary components.
Results of a similar flavor may be found in the work of Crampon–Marquis:
Theorem 4 ([CM14a], The´ore`me 1.9). If Ω ⊂ RPn is strictly convex with C1
boundary and Γ ≤ Aut(Ω) ≤ PGL(n+1,R) is a discrete subgroup acting geometrically
finitely on Ω, then
1The acronyms are from the French: Ge´ome´triquement Fini, Topologiquement Fini, Partie
E´paisse du Cœur convexe, Partie Non cuspidale du Cœur convexe, Volume Fini.
Ergodicity and equidistribution in Hilbert geometry 7
• the convex hull CH(ΛΓ) with the induced Hilbert metric dΩ is Gromov-
hyperbolic, and
• Γ is hyperbolic relative to the maximal parabolic subgroups (i.e. the stabilizers
of parabolic points.)
We remark here that there is a fair amount of overlap between the geometric
results in [CM14a] and [CLT15], although there is some mild variation between how
they choose to present these results; the reader may, in large part, consult either or
both of these sources to taste.
The geodesic flow associated to a geometrically finite convex projective structure
also has dynamical properties characteristic of negative curvature:
Theorem 5 ([CM14b], The´ore`me 5.2 and Proposition 6.1). If Ω admits a geomet-
rically finite action by some Γ ≤ Aut(Ω), then the Hilbert geodesic flow on SΩ/Γ is
uniformly hyperbolic and topologically mixing on the non-wandering set.
Here the non-wandering set NW is what Crampon and Marquis call the closed set
given by the projection to SΩ/Γ of
N˜W := (ΛΓ × ΛΓ r∆)× R ⊂ SΩ.
It is non-wandering in the sense that for any open set U ⊂ SΩ/Γ intersecting NW,
and any T > 0, there exist s, t > T such that φsU ∩ U, φ−tU ∩ U 6= ∅.
The uniform hyperbolicity implies, in particular, that one again has, over N˜W ⊂ SΩ,
a splitting of the tangent bundle into the flow direction and the stable and unstable
distributions, with the latter tangent to stable and unstable submanifolds of SΩ
projecting to horospheres in Ω.
Our results below will apply to geometrically finite projective structures; the
proofs can be simplified in the particular case of convex co-compact projective
structures or divisible Hilbert geometries.
1.3. Busemann functions and horospheres. Suppose Ω is strictly convex with
C1 boundary, and Γ < Aut(Ω).
Given ξ ∈ ∂Ω and x ∈ Ω, we let cx,ξ : [0,+∞) → Ω denote the geodesic ray
starting from x and going towards ξ, i.e. cx,ξ(0) = x and limt→+∞ cx,ξ(t) = ξ.
The Busemann function βξ based at ξ ∈ ∂Ω is a function βξ : Ω × Ω → R
defined by
βξ(x, y) = t− lim
t→+∞ dΩ(y, cx,ξ(t)) = limz→ξ
dΩ(x, z)− dΩ(y, z).
We remark that this uses the sign convention adopted in [Rob03], which is a little
more intuitive geometrically and helpful for working with shadows (see §2.2); this is
opposite to the general sign convention which appears e.g. in [BH99].
The existence of these limits follows from the regularity assumptions on ∂Ω (see
e.g. [CM14a], §2.2); these Busemann functions are C1. It is immediate from the
definitions that these Busemann functions satisfy a cocycle condition
βξ(x, y) + βξ(y, z) = βξ(x, z)
for all x, y, z ∈ Ω, and are also Γ-invariant, in the sense that
βγξ(γx, γy) = βξ(x, y)
for all γ ∈ Γ and x, y ∈ Ω.
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The horosphere based at ξ ∈ ∂Ω and passing through x ∈ Ω is the set
Hξ(x) = {y ∈ Ω : βξ(x, y) = 0}.
The horoball based at ξ ∈ ∂Ω and passing through x ∈ Ω is the set
Hξ(x) = {y ∈ Ω : βξ(x, y) > 0}.
Horoballs are strictly convex open subdomains of Ω; their boundaries are corre-
sponding horospheres, which are C1 submanifolds of Ω.
If Γ acts on Ω geometrically finitely, take P to be a system of representatives
of Γ-orbits of parabolic fixed points of Γ y Ω¯, and, for p ∈ P, let Πp be the
(maximal parabolic) subgroup of Γ stabilizing p. By geometric finiteness, P is finite,
and for each p ∈ P we can find a horoball Hp based at p such that for all γ ∈ Γ,
γHp ∩Hp 6= ∅ if and only if γ ∈ Πp.
1.4. Gromov products. Given x, y, z ∈ Ω, the Gromov product 〈y, z〉x is de-
fined as
〈y, z〉x = 1
2
[dΩ(x, y) + dΩ(x, z)− dΩ(y, z)].
It is, roughly speaking, a measure of how much the sides of a geodesic triangle
overlap. e.g. for a tree T , 〈y, z〉x = 0 for any x, y, z ∈ T ; more generally, the
smaller the Gromov product, the thinner the geodesic triangle is. Indeed, there is a
characterization of δ-hyperbolicity in terms of the Gromov product.
The Gromov product can be extended to the boundary ∂Ω: given ξ, η ∈ ∂Ω and
x ∈ Ω, define
〈ξ, η〉x = lim
an→ξ
bn→η
〈an, bn〉x = lim
an→ξ
bn→η
1
2
[dΩ(x, an) + dΩ(x, bn)− dΩ(an, bn)].
Unlike for a general δ-hyperbolic space, the extension to the boundary in our
setting does not require taking a sup lim inf, (where the supremum is taken over
all sequences an → ξ, bn → η, see [BH99], §III.H.3.15.) Here, as in the setting of
CAT(-1) spaces, we can dispense with this by computing using geodesic triangles
limiting to 23 -ideal triangles with vertices x, ξ, η (see [Ben06], Lemme 5.2.)
We note the following transformation properties that are useful for proving the
invariance of our Bowen–Margulis measures below: for all φ ∈ Isom(Ω, dΩ),
〈φξ, φη〉φx = 〈ξ, η〉x = 〈ξ, η〉x′ + 1
2
(βξ(x, x
′) + βη(x, x′))
We remark also that βξ(x, u) + βη(x, u) = 2〈ξ, η〉x, for any u ∈ (ξη).
The following inequality will be useful below for providing estimates for our
Bowen–Margulis measure:
Lemma 6. If a geodesic segment (uv) intersects B(x, r), then 〈u, v〉x ≤ r.
Proof. Suppose first that (uv) is a finite geodesic segment. Pick w ∈ (uv) ∩B(x, r).
Then
dΩ(u, x) ≤ dΩ(u,w) + dΩ(w, x) ≤ dΩ(u,w) + r
dΩ(v, x) ≤ dΩ(v, w) + r
and adding the two together we get
〈x, y〉w = 1
2
(dΩ(w, x) + dΩ(w, y)− dΩ(x, y)) ≤ r.
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Note that these inequalities continue to hold under limits, and so the lemma continues
to hold if the geodesic in question is infinite or bi-infinite. 
2. Patterson–Sullivan and Bowen–Margulis measures
2.1. Conformal densities and Patterson–Sullivan measures. Hereafter, sup-
pose Ω is strictly convex with C1 boundary, and let Γ < Aut(Ω) be a discrete
subgroup acting geometrically finitely on Ω.
A conformal density of dimension δ ≥ 0 on Ω is a function µ which associates
to each x ∈ Ω a positive finite measure µx on ∂Ω, satisfying the property that for
all x, x′ ∈ X, µx′ is absolutely continuous with respect to µx, with Radon-Nikodym
derivative given by
dµx′
dµx
(ξ) = e−δβξ(x
′,x)
where βξ denotes the Busemann function based at ξ ∈ ∂Ω.
A density µ is said to be Γ-invariant if γ∗µx = µγx for all γ ∈ Γ and all x ∈ Ω.
The critical exponent δΓ(Ω) (also written δΓ, δ(Γ) or just δ if the context is
clear) of a discrete group Γ is the critical exponent of the Poincare´ series gΓ,Ω(s, x) =
gΓ(s, x) :=
∑
γ∈Γ e
−s·dΩ(x,γx), i.e. the infimum of all s for which the series converges.
It is straightforward to check, using the triangle inequality, that the convergence of
the Poincare´ series,and hence the critical exponent, is well-defined independent of
the choice of basepoint x.
The series may or may not converge at s = δ(Γ): if it does not, we say that Γ is
of divergence type.
We can associate to a finitely-generated group Γ a Γ-invariant conformal density
of dimension δ(Γ) as follows: fix a basepoint o ∈ Γ. Given s < δ(Γ), define
µx,s :=
1∑
γ∈Γ e−s·dΩ(γ·o,x)
∑
γ∈Γ
e−s·dΩ(γ·o,x)Dγ·o
if Γ is of divergence type, where we use Dx to denote the Dirac delta measure
supported at x, or more generally
µx,s :=
1∑
γ∈Γ h(dΩ(γ · o, x))e−s·dΩ(γ·o,x)
∑
γ∈Γ
h(dΩ(γ · o, x))e−s·dΩ(γ·o,x)Dγ·o
where h : R+ → R+ is a suitable auxiliary function of subexponential growth, i.e. for
any η > 0, there exists tη > 0 such that for all s ∈ R+ and t > tη, h(s+ t) < eηsh(t)
and the modified Poincare´ series g′Γ(s, x) =
∑
γ∈Γ h(dΩ(γ ·o, x))e−s·dΩ(γ·o,x) diverges
at s = δΓ (for full details, see [Pat76] or [Sul79].)
We then take the weak* limit
µx = lim*s↘δ(Γ) µx,s.
Following the arguments in [Pat76] (see also [Cra11], Theorem 4.2.1), we may
check that this limit is well-defined and is supported on ∂Ω (indeed, on the limit set
ΛΓ ⊂ ∂Ω), that µγ·x = γ∗µx, and that dµxdµy (ξ) = e−δ(Γ)βξ(x,y), as desired.
This construction was originally due to Patterson [Pat76] and Sullivan [Sul79],
and on account of this these conformal densities are known as Patterson–Sullivan
densities, and the individual measures µx (for x ∈ ∂Ω) as Patterson–Sullivan
measures.
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2.2. Shadows. Given x, y ∈ Ω and r > 0, define the shadow
Or(x, y) := {ξ ∈ ∂Ω | ]xξ) ∩B(y, r) 6= ∅}
where ]xξ) denotes the geodesic ray starting from x in the direction of ξ. We may
also take x ∈ ∂Ω, in which case ]xξ) should be interpreted as the bi-infinite geodesic
with endpoints x and ξ. The terminology comes from viewing Or(x, y) as the shadow
cast by the ball B(y, r) on the boundary ∂Ω, when we have a light source located
at the point x.
A key tool for studying these shadows geometrically is the Sullivan shadow
lemma, which states, informally, that the distances between orbit points may be
approximated by the sizes of suitably chosen shadows. Before presenting the shadow
lemma, we note a lemma used in its proof which will also be useful later on:
Lemma 7. For all ξ ∈ Or(x, y), we have
dΩ(x, y)− 2r < βξ(x, y) ≤ dΩ(x, y).
Proof. See [Rob03], Lemme 1.2, or [Bra17], Lemma 4.7 for a version in the context
of Hilbert geometry. 
Lemma 8 (Sullivan shadow lemma). Let µ be a Γ-invariant conformal density of
dimension δ and x ∈ Ω. Then, for all large enough r > 0, there exists C > 0 such
that for all γ ∈ Γ,
1
C
e−δ·dΩ(x,γx) ≤ µx (Or(x, γx)) ≤ Ce−δ·dΩ(x,γx)
Proof. We follow the proof in [Rob03], with some added arguments r the lower
bound. Since γ is an isometry and by Γ-invariance,
µx(Or(x, γx)) = µx(γOr(γ−1x, x))
= µγ−1x(Or(γ−1x, x)) =
∫
Or(γ−1x,x)
e−δ·βξ(γ
−1x,x) dµx(ξ).
From Lemma 7, we have
e−δ·dΩ(x,γx) ≤ e−δ·βξ(γ−1x,x) ≤ e2δre−δ·dΩ(x,γx)
and hence
e−δ·dΩ(x,γx)µx(Or(γ−1x, x)) ≤ µx(Or(x, γx)) ≤ e2δre−δ·dΩ(x,γx)µx(Or(γ−1x, x)).
Since e2δrµx(Or(γ−1x, x)) ≤ e2δrµx(∂Ω), this gives us the upper bound.
To obtain the lower bound, define the function dx : ∂Ω×∂Ω→ R≥0 by dx(ξ, ξ′) =
e−〈ξ,ξ
′〉x for ξ 6= ξ′ and dx(ξ, ξ) = 0. It is clear that dx(ξ, ξ′) = dx(ξ′, ξ), and
dx(ξ, ξ
′) ≥ 0 with equality if and only if ξ = ξ′. If we knew Ω were Gromov-
hyperbolic, dx would essentially be a visual metric on ∂Ω; more generally, it remains
true that given any ξ ∈ ∂Ω, the sets
Bdx(ξ, r) := {ξ′ ∈ ∂Ω : dx(ξ, ξ′) < r}
are nested, with Bdx(ξ, r)↘ {ξ} as r ↘ 0. We call these sets “dx-balls”.
Given A ⊂ ∂Ω, write diamdx(A) := supξ,ξ′∈A dx(ξ, ξ′). As r →∞, the distance
from x to a bi-infinite geodesic joining any two points ξ, ξ′ ∈ ∂ΩrOr(y, x) goes to
infinity, and so 〈ξ, ξ′〉x →∞ for such ξ, ξ′. Hence supy∈Ω diamdx(∂ΩrOr(y, x))→ 0
as r →∞.
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In particular, we see that once r is large enough, Or(γ−1x, x) contains a dx-ball
of µx-measure at least half the measure of ∂Ω minus a singleton, so
µx
(Or(γ−1x, x)) ≥ 1
2
(
‖µx‖ − max
ξ∈∂X
µx(ξ)
)
for all sufficiently large r independent of γ. Since Γ is not elementary, µx is not an
atom, and so this last right-hand side is some positive constant independent of γ
and r, giving us the lower bound. 
We make one other observation about shadows which will be useful later:
Lemma 9. Suppose we have a finitely-generated subgroup Γ < Aut(Ω) and fixed
x ∈ Ω and r > 0 such that the shadow lemma applies.
There exists M depending only on Γ, x and r such that for all t ≥ 1, the family
St := {Or(x, γx) : γ ∈ Γ, t− 1 < dΩ(x, γx) ≤ t} covers some open subset of ∂Ω with
multiplicity bounded above by M .
Proof. Given any ξ ∈ ∂Ω, consider the geodesic ray [xξ). Since Γ is finitely-generated,
there is a uniform bound M on the number of orbit points γ · x within distance r of
any unit-length interval of this geodesic ray. 
2.3. Bowen–Margulis(–Sullivan) measures. We may identify SΩ with ∂2Ω×R,
where ∂2Ω denotes the space of distinct pairs of points in ∂Ω, and proceed to define
a measure on SΩ by
dm(u) = eδΓ·(βξ(x,u)+βη(x,u))dµx(ξ) dµx(η) ds
for u = (ξ, η, s) ∈ SΩ (and x ∈ SΩ an arbitrary base-point; one can prove dm is
independent of the choice of x.) Here ds denotes (the infinitesimal form of) the
Lebesgue measure L on the R factor; integrating against ds along a single geodesic
gives length according to the Hilbert metric dΩ.
We remark that βξ(x, u) + βη(x, u) = 2〈ξ, η〉x, where 〈ξ, η〉x denotes the Gromov
product as above, and so we may also write
dm(u) = e2δΓ〈ξ,η〉xdµx(ξ) dµx(η) ds.
By construction, this has a product structure: we may write m = eδβξ(x,·)µx ⊗
eδβξ(x,·)µx ⊗ L
It is immediate that this measure is invariant under the flip involution ι on SΩ;
one may also check that it is Γ-invariant, and hence induces a measure on the
quotient SΩ/Γ. This measure on the quotient space is really associated to the group
action Γ y Ω; below, we will abuse terminology slightly and also refer to this as a
measure associated to Γ. We will write mΓ to denote the measure on the quotient
SΩ/Γ, and m to denote the measure on SΩ, even though both depend on Γ y Ω.
For co-compact Γ, this measure coincides with the Bowen–Margulis measure,
which is the unique measure of maximal entropy of a topologically mixing Anosov
flow. This result should hold more generally, although the details are more subtle;
in any case, we will continue to call these Bowen–Margulis measures. We remark
that Roblin in [Rob03] calls these Bowen–Margulis–Sullivan measures.
The following result allows us to assume the finiteness of our Bowen–Margulis
measures below. We remark that it has previously appeared in Mickae¨l Crampon’s
thesis ([Cra11], Theorem 4.3.1) but not yet in the published literature; we therefore
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include a self-contained proof here for completeness, mostly following the arguments
in [Cra11] but with some minor corrections and additions.
Theorem 10. If M = Ω/Γ is geometrically finite, then the Bowen–Margulis measure
mΓ on SM is finite.
Proof. Since the support of the Bowen–Margulis measure mΓ outside of the cusp
neighborhoods is compact, it suffices to check that the mΓ-measure of (the unit
tangent bundle over) each cusp neighborhood is finite.
To obtain estimates in the cusp neighborhoods, it will be useful to have the two
lemmas below, the first establishing a gap between the critical exponent δΓ and
the critical exponent of any parabolic subgroup, and the second showing that the
Patterson–Sullivan measures have no atoms:
Lemma 11. For any nonelementary group Γ y Ω ⊂ RPn containing a parabolic
subgroup P of rank r, δΓ > δP =
r
2 .
Proof. If Γ acts on Ω and Ω′ with Ω ⊂ Ω′, then δΓ(Ω) ≤ δΓ(Ω′). This holds since if
x, y ∈ Ω then dΩ′(x, y) ≤ dΩ(x, y), and so the convergence of the Poincare´ series for
Γ y Ω′ implies the convergence of the Poincare´ series for Γ y Ω.
By [CM14a], Corollaire 7.18, we can find two P -invariant ellipsoids E± such that
∂E± := E± ∩ ∂Ω = {ξP } where ξP is the fixed point of P , and E− ⊂ Ω ⊂ E+. P
acts on E± as a parabolic subgroup of SO(1, n) acting on a horoball in hyperbolic
space; by hyperbolic geometry δP (E±) = r2 , and the Poincare´ series diverges at the
critical exponent. From the previous step, the same holds for P y Ω.
Hence δΓ(Ω) ≥ δP (Ω) = r2 , and it suffices to show that the inequality is strict.
Since Γ is nonelementary, we can use a ping-pong argument to find a free product
subgroup 〈h〉×P ≤ Γ where h ∈ Γ is a hyperbolic element. In particular, Γ contains
all the distinct elements g = hm1p1 · · ·hmkpk for k ≥ 1, nk ∈ Z6=0, pi ∈ P r {id}.
Then we have a lower bound for the Poincare´ series
gΓ(s, x) ≥
∑
k≥1
∑
m1,...,mk
p1,...,pk
e−s·dΩ(x,h
m1p1···hmkpkx)
and applying the triangle inequality
dΩ(x, h
m1p1 · · ·hmkpkx) ≤
k∑
i=1
dΩ(x, h
mix) + dΩ(x, pix)
to the right-hand side we obtain
gΓ(s, x) ≥
∑
k≥1
 ∑
n∈Zr{0}
e−s·dΩ(x,h
nx)
 ∑
p∈Pr{id}
e−s·dΩ(x,px)
k
=
∑
k≥1
(
(g〈h〉(s, x)− 1)(gP (s, x)− 1)
)k
g〈h〉(s, x) converges for any s > 0, and gP (s, x) converges for any s > r2 and
diverges at s = r2 . Hence there exists s0 >
r
2 such that (g〈h〉(s0, x)− 1)(gP (s0, x)−
1) > 1, so that gΓ(s0, x) diverges. Then δΓ(Ω) ≥ s0 > r2 . 
Proposition 12 ([Cra11], Proposition 4.3.5). For Γ y Ω geometrically finitely,
any Patterson–Sullivan measure µx has no atoms.
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Proof. We can use the shadow lemma (Lemma 8) to show that µ has no atoms on
the conical limit set. Given a conical limit point ξ, we have a sequence of elements
(γ−1n ) ⊂ Γ, a point x ∈ Ω and r > 0 such that γ−1n x → ξ and γ−1n x ∈ B(xn, r) for
some xn ∈ [xξ). Thus ξ ∈ Or(x, γ−1n x) for all n, and so
(1) µx({ξ}) ≤ µx(Or(x, γ−1n x)) ≤ Cx,re−δΓdΩ(x,γ
−1
n x).
Since γ−1n → ∞ as n → ∞ and δΓ > 0, e−δΓdΩ(x,γ
−1
n x) → 0 as n → ∞. Hence ξ
cannot be an atom.
It then remains to show that the measure of any of the countable number of
bounded parabolic points is zero.
Let ξP be a parabolic point and let P be its stabilizer.
We have µx({ξP }) ≤ µx(V ) ≤ lim infs↘δΓ µx,s(V ) for any open set V ⊂ Ω
containing ξ; hence it suffices to find a family of such sets (Vn)n∈N such that
lim infs↘δΓ µx,s(Vn)→ 0 as n→∞.
Choose a convex and locally-finite open fundamental domain F ⊂ Ω for the
action of P on Ω containing our basepoint x; such a fundamental domain exists
by Theorem 1. Choose also a horoball HP based at ξP that does not contain any
point of the orbit Γ · x. Fix a word metric | · | on P associated to a symmetric finite
generating set S = S−1, and let Un = HP ∪
⋃
p∈P,|p|≥n pF and Vn = int(Un), where
both the closure and interior are taken in Ω¯. Note Un ⊂ Vn ⊂ Un. We have
µx,s(Vn) ≤ 1
g′Γ(s, x)
∑
p∈P
|p|≥n
∑
γ∈Γ′
h(dΩ(x, pγx))e
−s·dΩ(x,pγx)
where Γ′ := {g ∈ Γ : gx ∈ F}. Below, we will show that the contribution from each
fundamental domain is on the order of e−s|p|. This would be consistent with the
results of a direct geometric computation in the case of Γ = P ; in the general case,
we can control the added contributions from Γ′ and from the auxiliary function h(·),
so that each summand in the first sum remains on the order of e−s·dΩ(x,px).
More precisely, we will show that dΩ(x, pγx) is roughly dΩ(x, γx) + dΩ(x, px),
with bounded error controlled by a Gromov product. By the definition of the
Gromov product,
dΩ(x, pγx) = dΩ(x, γx) + dΩ(x, px)− 2〈γx, p−1x〉x.
To bound the 〈γx, p−1x〉x term, we observe that for each γ ∈ Γ′, once r and n are
large enough we have Vn ⊂
⋃
ξ∈Or(γx,x)[γx, ξ). We can improve this to a uniform
choice of r > 0 and n0 such that for all n > n0,
(2) Vn ⊂
⋂
γ∈Γ′
⋃
ξ∈Or(γx,x)
[γx, ξ)
by the following argument: by geometric finiteness, βξP (x, y) > 0 for all but finitely
many points y ∈ Γ′ · x, i.e. all but finitely many of these points are further away
from ξP than x, for there is some horoball based at ξP which does not contain
any points in the orbit Γ · x. Let r1 = maxF dΩ(γx, x) where F denotes the set of
γ ∈ Γ′ such that γx is no further from ξP than x. Moreover, F ∩ ∂Ωr {ξP } and
Vn ∩ ∂Ω (for any n) are compact, so for any n such that the two sets are disjoint
there exists r2 > 0 such that any geodesic between the two intersects B(x, r2). Let
r := max{2r1, r2}.
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Then Or(γx, x) ⊃ O2r1(γx, x) = ∂Ω for all γ ∈ F . For any γ ∈ Γ′ r F , extend
the geodesic ray [γx, ξP ) to a bi-infinite geodesic and let ζγ denote its backwards
endpoint (i.e. not ξP .) Then ζγ ∈ F ∩ ∂Ω r {ξP }, by our choice of r2 this
geodesic intersects B(x, r) ⊃ B(x, r2), and Or(ζγ , x) ⊂ Or(γx, x). Hence, writing
∩O := ⋂ζ∈F∩∂Ωr{ξP }Or(ζ, x), we have⋂
γ∈Γ′
⋃
ξ∈Or(γx,x)
[γx, ξ) ⊃
⋂
γ∈Γ′rF
⋃
ξ∈Or(ζγ ,x)
[γx, ξ) ⊃
⋂
γ∈Γ′rF
⋃
ξ∈⋂O[γx, ξ) ⊃ Vn
where the last inclusion holds for all sufficiently large n.
This implies 〈γx, p−1x〉x ≤ r, by the following argument together with Lemma
6: by the definition of Vn, p
−1x ∈ Vn once |p| ≥ n; by (2), this implies that the
geodesic ray extending [γx, p−1x) intersects B(x, r). Since our fundamental domain
F is convex, this geodesic ray cannot return to F 3 x after entering p−1F 3 p−1x,
and hence [γx, p−1x) ∩B(x, r) 6= ∅.
By this upper bound on the Gromov product, and because h is an increasing
function, we have
µx,s(Vn) ≤ e
2sr
g′Γ(s, x)
∑
|p|≥n
e−sdΩ(x,px)
∑
γ∈Γ′
h (dΩ(x, px) + dΩ(x, γx)) e
−sdΩ(x,γx).
Let  > 0 and t > 0 be such that δΓ −  > ρ2 where ρ is the highest rank of
a parabolic subgroup of Γ, and for t > t, h(s + t) ≤ esh(t). The number of
γ ∈ Γ′ such that d(x, γx) ≤ t is finite; let K be the set of such elements, and write
L := Γ′ rK. Then
µx,s(Vn) ≤ e
2sr
g′Γ(s, x)
∑
|p|≥n
e−sdΩ(x,px) (ΣK + ΣL)
where
ΣK :=
∑
γ∈K
h (dΩ(x, px) + dΩ(x, γx)) e
−sdΩ(x,γx),
ΣL :=
∑
γ∈L
h(dΩ(x, γx))e
dΩ(x,px)e−sdΩ(x,γx).
Because K is finite, ΣK is bounded above independent of s, say by a constant CK .
Thus µx,s(Vn) is bounded above by
e2sr
g′Γ(s, x)
CK ∑
|p|≥n
e−sdΩ(x,px) +
∑
|p|≥n
e(η−s)dΩ(x,px)
∑
γ∈L
h(dΩ(x, γx))e
−sdΩ(x,γx)

As s ↘ δΓ =: δ, g′Γ(s, x) → ∞ and
∑
p∈P e
−sdΩ(x,px) < ∞. The first term thus
vanishes in the limit, and we see
µx(Vn) ≤ e
2δr
g′Γ(δ, x)
·
∑
|p|≥n
e−(δ−η)dΩ(x,px)
∑
γ∈L
h(dΩ(x, γx))e
−δdΩ(x,γx)
≤ e2δrµx(∂Ω)
∑
|p|≥n
e−(δΓ−)dΩ(x,px)
Because δΓ −  > ρ2 , the series
∑
p∈P e
−(−δΓ−)dΩ(x,px) converges. Thus as n→∞
the right-hand side in the last inequality goes to 0, so µx({ξP }) = 0 as desired. 
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We pause to record a corollary of the proof which will be useful further ahead:
Corollary 13. For Γ y Ω geometrically finitely, the conical limit set has full
µx-measure for any Patterson–Sullivan measure µx.
We now use these lemmas to give a finite upper bound on the Bowen–Margulis
measure of a cusp neighborhood. Let ξP be a parabolic point for Γ y Ω and P
be its stabilizer. Let H ⊂ Ω be a horoball based at ξP and F be a fundamental
domain for P y Ω¯. Note D := ∂F ∩ ΛΓ r {ξP } is a compact fundamental domain
for P y ΛΓr {ξP }. We will show that m(S(F ∩H)) is finite. Since m has no atom
at ξP , this suffices to show that mΓ(SH/Γ) <∞.
From our definition of the Bowen–Margulis measure, and writing lΩ to denote
length according to the Hilbert metric, we have
m(S(F ∩H)) =
∫
∂2Ω
lΩ((ξ
−ξ+) ∩ S(F ∩H))e2δΓ〈ξ+,ξ−〉x dµx(ξ−) dµx(ξ+)
We now break the right-hand side into a sum whose summands correspond to
pairs of limit boundary points in different copies of D; geometrically, this corre-
sponds, roughly, to the different combinatorial patterns according to which bi-infinite
geodesics may enter the cusp neighborhood corresponding to P in the quotient:
m(S(F ∩H)) =
∑
p,q∈P
∫
qD×pD
lΩ((ξ
−ξ+) ∩ S(F ∩H))e2δΓ〈ξ+,ξ−〉x dµx(ξ−) dµx(ξ+)
=
∑
p∈P
∫
D×pD
lΩ((ξ
−ξ+) ∩ SH) · e2δΓ〈ξ+,ξ−〉x dµx(ξ−) dµx(ξ+)
where the last equality follows from summing over copies of the fundamental domain
F . We can now use the shadow lemma, in essence, to control the terms in this sum:
Since D is compact, there exists r > 0 such that any geodesic (ξ−ξ+) with
endpoints in D and pD and which intersects H must intersect B(x, r) and B(px, r).
In fact, since P acts by isometries, we can pick a uniform such r > 0 over all p ∈ P .
Without loss of generality, since elements of P preserve the distance to H, we may
assume H ∩B(x, r) 6= ∅ and H ∩B(px, r) 6= ∅, and hence we conclude
(i) lΩ((ξ
−ξ+) ∩ SH) ≤ dΩ(x, px) + 2r;
(ii) pD ⊂ Or(x, px) and hence, by the shadow lemma,
µx(pD) ≤ Cxe−δΓdΩ(x,px);
(iii) 〈ξ−, ξ+〉x ≤ r by Lemma 6.
Hence, altogether now, we have
m(S(F ∩H)) ≤
∑
p∈P
(dΩ(x, px) + 2r)e
2δΓrµx(D) · Cxe−δΓdΩ(x,px)
= e2δΓrCx
∑
p∈P
(dΩ(x, px) + 2r)e
−δΓdΩ(x,px)
Since δΓ > δP from Lemma 11, this series converges, and hence we have the desired
finite upper bound for m(S(F ∩H)). This concludes the proof of Theorem 10. 
As a consequence of the proof above, we have:
Proposition 14. If Γ y Ω geometrically finitely, then Γ is of divergence type.
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Proof. Given any conical limit point ξ, we can find a sequence of increasingly smaller
shadows containing ξ, as described at the beginning of the proof of Proposition 12.
Hence given any positive integer n and any sufficiently large r > 0, the conical limit
set can be covered by shadows of the form Or(x, γx) with |γ| ≥ n, which by the
shadow lemma have µx-measure bounded above by Cx,re
−δΓdΩ(x,γx).
Hence, fixing r > 0, the measure of the conical limit set is bounded above by a
constant multiple of
Cx
∑
γ∈Γ,|γ|≥n
e−δΓdΩ(x,γx)
which is a tail of the (unmodified) Poincare´ series gΓ(x, δΓ).
If Γ were of convergence type, these tails of the Poincare´ series would go to zero
as n→∞, and so taking that limit we find that the conical limit set will have zero
measure in this case. This contradicts Corollary 13, which tells us that the conical
limit set has full measure. Hence Γ must be of divergence type. 
This further allows us to establish ergodicity of the Hilbert geodesic flow with
respect to our Bowen–Margulis measures:
Definition 15. Given a Borel probability space (X, ν), a flow (gt)t∈R (or Γ-action) is
said to be ergodic with respect to ν if every flow-invariant (Γ-invariant, respectively)
measurable function f : X → R is constant ν-almost everywhere.
Ergodicity may be viewed as a weaker form of mixing; below, it will be useful for
establishing mixing.
Proposition 16. (SΩ/Γ, (gtΓ)t∈R,mΓ) and (∂
2Ω,Γ, µo ⊗ µo) are ergodic.
Proof. Recall SΩ = ∂2Ω × R. There is a bijection between Γ-invariant subsets
A ⊂ ∂2Ω and flow-invariant subsets B ⊂ SΩ/Γ given by A 7→ (A×R)/Γ. Moreover,
since the measure m = µo ⊗ µo ⊗ L on SΩ descends to mΓ on the quotient SΩ/Γ,
the bijection sends sets of zero (or full) (µo ⊗ µo)-measure to sets of zero (or
full, respectively) mΓ-measure. Hence ergodicity of either one of these systems is
equivalent to ergodicity of the other.
We claim that since the conical limit set ΛcΓ has full µo-measure (Corollary 13),
we may deduce that (SΩ/Γ, (gtΓ)t∈R,mΓ) is completely conservative, i.e. SΩ/Γ has
no wandering sets of positive measure. We recall that a Borel set U ⊂ SΩ/Γ of
positive measure is said to be wandering if
∫
1U (g
t
Γv) dt is finite for mΓ-almost every
v ∈ U . By the Hopf decomposition ([Kre85], Theorem 3.2), it suffices to show that
any bounded positive-measure subset V ⊂ SΩ/Γ is contained in some compact set
K such that
∫
1K(g
t
Γv) dt =∞ for all v ∈ V : since K is compact, it cannot contain
the orbit of a positive-measure wandering set, and so mΓ-almost every v ∈ V must
belong to the conservative part. Since this is true for any bounded positive-measure
subset V , the dissipative part has zero measure, i.e. there are no wandering sets of
positive measure, as desired.
To establish the claim, we write ScΩ := (ΛcΓ × ΛcΓ r∆)× R and note that given
any v ∈ ScΩ/Γ, with x ∈ Ω/Γ its foot-point and `v = (v−v+) the bi-infinite geodesic
in SΩ tangent to (the lift of) v, there exists Rx > 0 such that infinitely many points
in the orbit Γ · x lie within distance Rx of `v in SΩ. In fact, the diameter of the
compact core of SΩ/Γ provides an upper bound R ≥ Rx independent of x ∈ Ω/Γ.
Then, writing B = SB¯(x,R) ⊂ SΩ/Γ we have ∫
B
1B(g
t
Γv) dt =∞.
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Given a bounded positive-measure subset V ⊂ ScΩ/Γ for all x ∈ V , we can find
a single compact set K ⊃ V—a closure of a union K = ⋃x∈V SB¯(x,R) of the balls
just described—such that
∫
1K(g
t
Γv) dt = ∞ for all v ∈ V . Since ScΩ/Γ has full
mΓ-measure, we have established the desired claim.
The ergodicity of (SΩ/Γ, (gtΓ)t∈R,mΓ) then follows from the Hopf argument,
which states that for a completely conservative flow, any flow-invariant function
is also invariant along the stable and unstable distributions. Since the stable and
unstable distributions are tangent to globally-defined transverse horospheres in our
setting, it follows from standard arguments, including the absolute continuity of
the stable and unstable distributions, that a function which is invariant under the
flow and also the stable and unstable distributions must be (almost everywhere)
constant. For a more detailed version of this argument in the context of Hilbert
geometry, see [Bra17], Theorem 6.7. 
We remark that Propositions 14 and 16 can also be established as part of a
larger Hopf–Tsuji–Sullivan-type theorem, which establishes equivalences between
several different ways of characterizing a subgroup of automorphisms as “small” or
“large” in terms of conformal measures, associated Bowen–Margulis measures, and
ergodicity of the geodesic flow. Such a result was previously announced in [Cra11]
(Theorem 4.2.4), following the arguments of [Rob03], The´ore`me 1.7.
We further remark that the circle of ideas that has appeared in the proof of
Theorem 10, Proposition 12 and their consequences are very similar to those
appearing in the proof of analogous results of Dal’bo–Otal–Peigne´ in [DOP00],
which characterize geometrically finite Riemannian manifolds of pinched negative
curvature with finite Bowen–Margulis measure in terms of Poincare´ series.
3. Mixing of the geodesic flow
In this section, we prove our measure-theoretic mixing result.
Definition 17. Given a Borel probability space (X, ν), a flow (gt)t∈R on X is said
to be (strongly) mixing with respect to ν if for all any ϕ,ψ ∈ L2(X, ν),∫
X
(ϕ ◦ gtΓ) · ψ dν →
∫
X
ϕdν ·
∫
X
ψ dν
as t→ ±∞, or equivalently if for all Borel subsets A,B ⊂ X, we have
ν(A ∩ gtB)→ ν(A)ν(B)‖ν‖ .
as t→ ±∞
Mixing is a characteristic property of geodesic flows in negative curvature.
Measure-theoretic mixing results have been proven in a wide range of settings
where Bowen–Margulis measures may be defined, for instance for geometrically
finite subgroups in constant negative curvature (see e.g. [Rud82]), or in great
generality for all discrete groups of CAT(-1) isometries with quotient admitting a
finite Bowen–Margulis measure by Roblin ([Rob03], The´ore`me 3.1.) As far as we are
aware, such results have not been announced in this context, although see [Sam15],
§3 for related results about the mixing of Weyl chamber flows.
Theorem 18. Let Ω be a strictly convex projective domain and Γ be a discrete group
acting geometrically finitely on Ω. The Hilbert geodesic flow (gtΓ)t∈R on SΩ/Γ is
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mixing with respect to any Bowen-Margulis measure mΓ associated to a Γ-invariant
conformal density of dimension δ(Γ).
We remark that we have topological mixing from [CM14b], but this does not imply
measure-theoretic mixing for a general dynamical system. In this case, however, it
does, by arguments adapted from [Bab02] and [Ric17]. We will need two lemmas.
First, consider the length spectrum of (gtΓ), i.e. the collection of lengths of all
closed geodesics in SΩ/Γ. As noted in [CM14b] Proposition 6.1, the geodesic flow is
topologically transitive, and so topological mixing is equivalent to the density of the
length spectrum. In particular, we have
Lemma 19 ([CM14b], Proposition 6.1). For Ω and Γ as above, the group generated
by the length spectrum of (gtΓ) is dense in R.
We will show that if mΓ is not mixing, then the length spectrum is contained in
a discrete subgroup of R; since this is not the case, m must in fact be mixing.
Second, we have the following general lemma from ergodic theory:
Lemma 20 ([Bab02], Lemma 1). Let (X,B, ν, (Tt)t∈R) be a measure-preserving
dynamical system, where (X,B) is a standard Borel space, ν a Borel measure on
(X,B), and (Tt)t∈R an action of R on X by measure-preserving transformations.
Let ϕ ∈ L2(X, ν) be a real-valued function on X such that ∫ ϕdν = 0.
If there exists a sequence of reals (tn) with tn → ∞ such that ϕ ◦ Ttn does not
converge to 0 in the weak-L2 topology, then there exist a sequence of reals (sn) with
sn → ∞ and a non-constant function ψ in L2(X, ν) such that ϕ ◦ Tsn → ψ and
ϕ ◦ T−sn → ψ in the weak-L2 topology, and hence (up to subsequence) the Cesa`ro
averages
AK2 :=
1
K2
K2∑
k=1
ϕ ◦ T±sk
converge almost surely to ψ.
Proof of Theorem 18. We recall that mΓ is supported on the non-wandering set and
is ergodic. Let µ be the ergodic current associated with m, i.e. µ is a measure on
∂2Ω such that m = µ⊗ ds.
Suppose the geodesic flow is not mixing with respect to mΓ. Then there exists a
compactly-supported function ϕ ∈ L2(SΩ/Γ,mΓ) on the non-wandering set such
that
∫
ϕdmΓ = 0 but ϕ ◦ gtΓ does not converge weakly to 0. By Lemma 20 we may
find a non-constant function ψ which is the almost-sure limit of Cesa`ro averages of
ϕ for positive and negative times. Let ψ˜ be its lift to the universal cover SΩ. We
smooth ψ˜ along the flow by replacing it with the function ψ˜`(v) =
∫ 
0
ψ˜(g˜sv)) ds.
Choosing  > 0 sufficiently small ensures that ψ˜` is not constant, and now there
exists a set E0 ⊂ ∂2Ω of full µ-measure such that for every v ∈ pi−1(E0), the
function t 7→ ψ˜`(g˜tv) is well-defined and continuous at any t ∈ R. Concretely,
E0 = ΛΓ × ΛΓ r∆, which consists of pairs of endpoints of geodesics in the non-
wandering set.
The closed subgroup Π < R given by the periods of t 7→ ψ˜(g˜t(v)) depends only on
the geodesic (ξ, η) containing v, so that we get a measurable2 map from E0 into the
set of closed subgroups of R. This map is Γ-invariant, and hence by the ergodicity
of µ is µ-almost surely constant.
2With respect to the Borel σ-algebra for the Chabauty topology
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Suppose Π = R. This would mean that ψ˜ does not depend on time, and so
defines a Γ-invariant function on E0 = Λ
2
Γ \∆. By the ergodicity of µ, this function
is µ-almost surely constant, which contradicts that ψ is not constant. Hence there
must exist a ≥ 0 such that Π = aZ on a set E1 ⊂ E0 of full µ-measure.
We now use cross-ratios to conclude that if mΓ is not mixing, then the length
spectrum is contained in the discrete subgroup a2Z ≤ R. Define the cross-ratio
B(ξ, ξ′, η, η′) := bx(ξ, η) + bx(ξ′, η′)− bx(ξ, η′)− bx(ξ′, η)
where bx(ξ, η) := infp∈X(βξ + βη)(p, x). This definition appeared in [Ric17] in the
setting of rank-one CAT(0) spaces; below we prove analogous properties for the
cross-ratios in our setting. Let us first show that the cross-ratio is well-defined
independent of the choice of x ∈ Ω:
Lemma 21. For any ξ, η ∈ ∂Ω and x ∈ Ω, bx(ξ, η) is finite, and
bx(ξ, η) = (βξ + βη)(p, x)
if and only if p lies on the bi-infinite geodesic (ξη).
Proof. Given x ∈ Ω, consider bξη,x : Ω→ R∪ {−∞} defined by y 7→ (βξ + βη)(y, x).
This function is constant on (ξη), with value given by dΩ(pξx, pηx), where pξx
denotes where the horoball through x based at ξ intersects (ξη). We now claim that
bξη,x(pξy) ≤ bξη,x(y) for any ξ, η, x and y, with equality if and only if y ∈ (ξη). To
see this: note that βξ(y, x) = βξ(pξy, x); on the other hand, we can see geometrically
that βη(y, x) ≥ βη(pξy, x), with equality if and only if y = pξ(y). 
Lemma 22. For any four pairwise distinct ξ, ξ′, η, η′ ∈ ∂Ω, we have
B(ξ, ξ′, η, η′) = βξ(y0, y1) + βξ′(y2, y3) + βη(y0, y3) + βη′(y2, y1)
for any four points x0 ∈ (ξη), x1 ∈ (ξη′), x2 ∈ (ξ′η′), and x3 ∈ (ξ′η).
Proof. By Lemma 21 and the definition of the cross-ratio,
B(ξ, ξ′, η, η′) = (βξ(x0, x) + βη(x0, x)) + (βξ′(x2, x) + βη′(x2, x))
− (βξ(x1, x) + βη′(x1, x))− (βη(x3, x) + βξ′(x3, x)).
for any x ∈ Ω, and x0, x1, x2, x3 as given in the statement of the lemma. The lemma
then follows using the cocycle property of Busemann functions. 
Hence the cross-ratio B(ξ, ξ′, η, η′) is well-defined independent of the choice of
x ∈ Ω, and in particular x can be taken to be the same basepoint as above.
The next lemma gives an equivalent geometric definition of the cross-ratio. To
state it succinctly we introduce a bit of notation: given v ∈ SΩ a unit tangent
vector, let pi(v) denote its basepoint in Ω, and let (v−v+) be the bi-infinite geodesic
it is tangent to, with backward endpoint v− and forward endpoint v+. We write
Hu(v) ⊂ SΩ to denote the set of unit tangent vectors with basepoint on the
horosphere Hv−(pi(v)) and tangent to geodesics with backward endpoint v−, and
Hs(v) ⊂ SΩ to denote the set of unit tangent vectors with basepoint on the
horosphere Hv+(pi(v)) and tangent to geodesics with forward endpoint v+.
Lemma 23. Given four pairwise distinct ξ, ξ′, η, η′ ∈ ∂Ω, pick v0 ∈ SΩ tangent
to the geodesic (ξη), and define, in turn, v1 ∈ Hu(v0) ∩ (ξη′), v2 ∈ Hs(v1) ∩ (ξ′η′),
v3 ∈ Hu(v2) ∩ (ξ′η), and v4 ∈ Hs(v3) ∩ (ξη).
Then v4 = g
B(ξ,ξ′,η,η′)v0 (where, recall, g
t is the Hilbert geodesic flow.)
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Proof. From Lemma 22, we have, writing xi := pi(vi) to denote the basepoints of
our vectors,
B(ξ, ξ′, η, η′) = βξ(x0, x1) + βξ′(x2, x3) + βη(x0, x3) + βη′(x2, x1).
By our choice of v1, v2, v3, v4, we have βξ(x0, x1) = βξ′(x2, x3) = βη(x3, x4) =
βη′(x2, x1) = 0. Hence
B(ξ, ξ′, η, η′) = βη(x0, x3) = βη(x0, x4)
by the cocycle properties of our Busemann functions. Since v4 and v0 are both
tangent to (ξη), pointing towards η, v4 = g
βη(x0,x4) = gB(ξ,ξ
′,η,η′)v0. 
Thus for any suitable 4-tuple (ξ, ξ′, η, η′) of pairwise distinct points in ∂Ω,
B(ξ, ξ′, η, η′) is a period of t 7→ ψ˜`(g˜tv) and thus belongs to our above closed
group aZ.
To be precise, “suitable” here means the following: ψ˜` is the almost-sure limit of
the corresponding smoothed Cesa`ro averages of ϕ˜, so if ψ˜+ and ψ˜− are the upper
limits of these averages for positive / negative times (resp.), the set
E = {(ξ, η) ∈ E1 | ψ˜+(v) = ψ˜−(v) = ψ˜(v)∀v ∈ pi−1(ξ, η)}
has full µ-measure. By the uniform hyperbolicity of the geodesic flow on the non-
wandering set (Theorem 5) and the uniform continuity of ϕ, ψ˜+ is constant along
any stable leaf, and ψ˜− constant along any unstable leaf. We use the product
structure of µ to define
E− := {ξ ∈ ΛΓ | (ξ, η′) ∈ E µx-almost every η′}
E+ := {η ∈ ΛΓ | (ξ′, η) ∈ E µx-almost every ξ′}
By Fubini’s theorem, we have µx(E
−) = µx(E+) = 1 and so E− × E+ has full
measure.
We say then that (ξ, η, ξ′, η′) ∈ ∂4Ω is a suitable tuple if (ξ, η) ∈ E ∩ (E− × E+)
and (ξ′, η), (ξ, η′), (ξ′, η′) ∈ E.
Note that the subset E4 of suitable tuples has full measure—given any E∩ (E−×
E+) has full µ-measure, and for any (ξ, η) in this set, the set of (ξ′, η′) satisfying
the second condition has full µ-measure. Then, by continuity of the cross-ratio, the
conclusion that B(ξ, η, ξ′, η′) ∈ aZ extends to all 4-tuples of pairwise distinct points
(ξ, ξ′, η, η′) ∈ ∂4Ω.
Finally, we relate cross-ratios to hyperbolic translation lengths:
Lemma 24. If γ is a hyperbolic isometry of Γ, then B(γ−, γ+, γξ, ξ) = 2`(γ) for
all ξ ∈ ∂Ω.
Proof. By Lemma 22, we have
B(γ−, γ+, γξ, ξ) = βγ−(w, x) + βγ+(y, z) + βγξ(w, z) + βξ(y, x)
where, writing ζ := γξ, w ∈ (γ−ζ), x ∈ (γ−ξ), y ∈ (γ+ξ) and z ∈ (γ+ζ). We
observe that the geodesics γ−ζ and γ+ξ necessarily intersect by the North-South
dynamics of γ, so we may take w = y = (γ−ζ) ∩ (γ+ξ), and thus
B(γ−, γ+, γξ, ξ) = βγ−(y, x) + βγ+(y, z) + βγξ(y, z) + βξ(y, x).
Observe that γ sends (γ+ξ) to (γ+ζ) and (γ−ξ) to (γ−ζ), so we may choose z = γy
and x = γ−1y. Then, using the invariance of the Busemann functions, we have
B(γ−, γ+, γξ, ξ) = βγ−(y, γ−1y) + βγ+(y, γy) + βγξ(γy, y) + βγξ(y, γy).
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Using the cocycle properties and the fact that βγ+(y, γy) = `(γ) for any hyperbolic
isometry γ, we are done. 
Hence the length spectrum would be contained in the closed subgroup a2Z. Since
this would contradict Lemma 19 in our case, we conclude that the geodesic flow
must in fact be mixing with respect to m. 
We remark that Babillot then obtains equidistribution of the horospheres as a
consequence of mixing of the geodesic flow ([Bab02], Theorem 3), and we can do
likewise here.
4. Orbital equidistribution of the group
In this section we prove an orbital equidistribution result, with consequences for
orbital counting functions:
Theorem 25 (cf. [Rob03], The´ore`me 4.1.1). Suppose Γ acts on Ω geometrically
finitely, and let µ denote the Γ-invariant conformal density µ of dimension δ = δ(Γ)
associated to the Bowen–Margulis measure mΓ.
Then, for all x, y ∈ CH ⊂ Ω, where CH denotes the convex hull of the limit set
ΛΓ,
δ‖mΓ‖e−δt
∑
γ∈Γ
dΩ(x,γy)≤t
Dγy ⊗Dγ−1x
converges weakly in C(Ω¯× Ω¯)∗ to µx ⊗ µy as t→∞.
Remark 26. This result can be extended to all x, y ∈ Ω. We have restricted our
attention here to x, y ∈ CH as it removes some of the additional technicalities in
the proof without detracting from the essence of the proof or the result.
This has as immediate corollaries, by integrating in one or both factors,
Corollary. δ‖mΓ‖e−δt
∑
γ∈Γ
dΩ(x,γy)≤t
Dγy → µx weakly in C(Ω¯)∗.
Corollary. # {γ ∈ Γ | dΩ(x, γy) ≤ t} ∼ ‖µx‖‖µy‖δ‖mΓ‖ eδt, i.e. the ratio of the two sides
goes to 1 as t→∞.
The second corollary is most directly a counting result; the corollary before that
is an equidistribution result for the Patterson-Sullivan measures. The theorem
includes both of these statements, and is more directly related to the mixing of the
Hilbert geodesic flow (Theorem 18), as we shall see below in the proof.
These are very much in the spirit of results first formulated by Margulis in the
setting of closed manifolds of constant negative curvature [Mar69] and subsequently
extended and generalized to much more general settings with some trace of negative
curvature. We refer the interested reader to the beginning of [Rob03], Chapitre 4
for a more extended discussion of this history. Similar results, albeit using a slightly
different notion of length, are known to hold for convex cocompact strictly convex
projective holonomies by the work of Sambarino in [Sam14], as discussed in §0.1.
Proof of Theorem 25. The proof follows that of [Rob03], The´ore`me 4.1.1, with minor
corrections as noted in [Lin20], §6 and §8. We give a brief presentation of the proof
here for completeness.
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Let νtx,y denote the measure δ‖mΓ‖e−δt
∑
γ∈ΓDγy⊗Dγ−1x. To prove the desired
convergence, we need to show that∫
Ω¯×Ω¯
ϕdνtx,y →
∫
Ω¯×Ω¯
ϕd(µx ⊗ µy)
as t→∞ for all ϕ ∈ C(Ω¯× Ω¯).
Let us give a overview of the proof before plunging into some of the details. The
proof uses mixing of the geodesic flow applied to suitable geometrically-described
sets: given x ∈ Ω, A ⊂ ∂Ω, and r > 0, define
C+r (x,A) := {y ∈ Ω | ∃x′ ∈ B(x, r), ξ ∈ A : B(y, r)∩ ]x′ξ) 6= ∅}
C−r (x,A) :=
y ∈ Ω |B(y, r) ⊂ ⋂
x′∈B(x,r)
⋃
ξ∈A
]x′ξ)

These may be thought of as expanded or contracted cones from x to A, with the
parameter r controlling the expansion or contraction. We can use mixing to show
that the (µx ⊗ µy)-measures of sufficiently small A¯ × B¯ ⊂ Ω¯ × Ω¯ are uniformly
well-approximated by νtx,y-measures of corresponding products of cones over A and
B. Here “sufficiently small” means “contained in one of a system of neighborhoods
Vˆ × Wˆ ⊂ Ω¯× Ω¯, one for each (ξ0, η0) ∈ ∂Ω× ∂Ω.”
We can then approximate, topologically and hence in measure, any sufficiently
small Borel subset of Ω¯× Ω¯ by products of cones. From there, using standard argu-
ments to approximate continuous positive functions using characteristic functions,
we obtain the desired convergence of integrals if we replace the domain Ω¯× Ω¯ with
Vˆ × Wˆ . We are then done by taking a finite subcover of the cover of the compact
CH × CH ⊂ Ω¯× Ω¯ by these neighborhoods Vˆ × Wˆ and using a partition of unity
subordinate to this subcover.
The technical crux of the proof is then the following
Proposition 27. Fix  > 0, (ξ0, η0) ∈ ΛΓ × ΛΓ ⊂ ∂Ω× ∂Ω and x, y ∈ CH. Then
there exist open neighborhoods V and W of ξ0 and η0 (resp.) in ∂Ω, such that for
all Borel subsets A ⊂ V,B ⊂W , we have, as T → +∞,
lim sup νTx,y(C−1 (x,A)× C−1 (y,B)) ≤ eµx(A)µy(B)
lim inf νTx,y(C+1 (x,A)× C+1 (y,B)) ≥ e−µx(A)µy(B)
Proof. The proof estimates the νTx,y-measure of the product of cones using a number
of other geometric objects, all naturally equivariant under the isometries of Ω:
1. For z ∈ Ω and (ξ, η) ∈ ∂2Ω, let zξη denote the point of SΩ parallel to (ηξ)
(i.e. determining a geodesic with forward endpoint ξ) with foot-point the nearest-point
projection of z onto (ξη). Given in addition r > 0 and A ⊂ ∂Ω, define
K+(z, r, A) =
{
gszξη | − r
2
< s <
r
2
, (ξ, η) ∈ ∂2Ω, η ∈ A, dΩ(z, (ξη)) < r
}
.
Inverting the role of ξ and η in the above definition yields ιK+(z, r, A) =:
K−(z, r, A). We will also write K(z, r) to denote K+(z, r, ∂Ω) ∪K−(z, r, ∂Ω).
We remark that K(z, r) ⊂ SB(z, 3r/2) by construction.
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2. Given r > 0 and a, b ∈ Ω with dΩ(a, b) > 2r, we will consider the following
enlarged and contracted shadows:
O+r (a, b) := {ξ ∈ ∂Ω | ∃a′ ∈ B(a, r) : ]a′ξ) ∩B(b, r) 6= ∅}
O−r (a, b) := {ξ ∈ ∂Ω | ∀a′ ∈ B(a, r) : ]a′ξ) ∩B(b, r) 6= ∅}
When a→ η ∈ ∂Ω, these variant shadows have as a common limit
Or(η, b) = {ξ ∈ ∂Ω | (ηξ) ∩B(b, r) 6= ∅} =: O±r (η, b).
3. For r > 0 and a, b ∈ Ω with dΩ(a, b) > 2r, we denote by Lr(a, b) the set of
(ξ, η) ∈ ∂2Ω such that the geodesic (ξη) crosses first B(a, r) and then B(b, r).
Observe that
Lr(a, b) ⊂ O+r (b, a)×O+r (a, b).
On the other hand, as noted in [Lin20], it is in general not true, even when
Ω = H2, that
O−r (b, a)×O−r (a, b) ⊂ Lr(a, b),
although we do have the following
Lemma 28 ([Lin20], Lemma 6.6). If (γy, γ−1x) ∈ C−r (x,A)× C−r (y,B), then{
(ζ, ξ) ∈ ∂Ω× ∂Ω : ξ ∈ O−r (x, γy), ζ ∈ Or(ξ, x)
} ⊂ Lr(x, γy) ∩ (γB ×A).
Proof. This follows the proof in [Lin20] once we establish the following claim: if
γy ∈ C−r (x,A), then O+r (x, γy) ⊂ A. To see this, we note that by our (Roblin’s)
definition of C−r (x,A), given any point z ∈ B(γy, r) and any point w ∈ B(x, r),
z is on some geodesic ray starting at w with endpoint (i.e. asymptotic to some
point) in A. By the uniqueness of geodesics in our strictly convex setting, any
geodesic ray starting in B(x, r) and passing through B(γy, r) has endpoint in
A. On the other hand, O−r (x, γy) consists of all the points ξ ∈ ∂Ω such that for
every point w ∈ B(x, r), there exists a geodesic ray starting at w and intersecting
B(γy, r) with endpoint ξ. As noted above, this implies ξ ∈ A. 
Now choose r ∈ (0,min{1, /30δ}) with µx(∂Or(ξ0, x)) = 0 = µy(∂Or(η0, y))
This is possible since for any ξ ∈ ∂Ω, x ∈ x, ∂(Or1(ξ, x)) ⊂ Or0(ξ, x) for r1 < r0,
and µ(Or0(ξ, x))→ 0 as r0 → 0 by the shadow lemma.
Since x, y ∈ CH, x ∈ (ξ0ξ′0) and y ∈ (η0η′0) where ξ′0, η′0 ∈ ΛΓ. Thus we have
ξ′0 ∈ Or(ξ0, x), and similarly η′0 ∈ Or(η0, y); hence
µx(Or(ξ0, x))µy(Or(η0, y)) > 0.
Take two open sets Vˆ, Wˆ of Ω¯, containing ξ0, η0 respectively, and sufficiently small
so that for all a ∈ Vˆ, b ∈ Wˆ , we have
e−/30µx(Or(ξ0, x)) ≤ µx(O±r (a, x)) ≤ e/30µx(Or(ξ0, x))
e−/30µy(Or(η0, y)) ≤ µy(O±r (b, y)) ≤ e/30µy(Or(η0, y))
Choose open neighborhoods V,W of ξ0, η0 (resp.) in ∂Ω, such that V¯ ⊂ Vˆ ∩ ∂Ω
and W¯ ⊂ Wˆ ∩ ∂Ω. These will be the open neighborhoods we desire.
Given Borel subsets A ⊂ V , B ⊂ W , write K+ = K+(x, r, A) and K− =
K−(y, r, B). The proof proceeds by estimating asymptotically (as T → +∞) the
quantity ∫ T
0
eδt
∑
γ∈Γ
m(K+ ∩ g−tγK−) dt
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by examining how the elements of Γ contribute to the various parts of it; the elements
which do contribute here are (up to uniformly bounded error) exactly those we are
seeking to enumerate in this stage, that is elements γ ∈ Γ such that dΩ(x, γy) ≤ T ,
γy ∈ C±1 (x,A) and γ−1x ∈ C±1 (y,B).
To see this last claim: we may verify, by recalling the definitions of m and K±,
that for γ ∈ Γ with dΩ(x, γy) > 2r we have
m(K+ ∩ g−tγK−) =
∫
dµx(ξ) dµx(η)
e−2δ〈ξ,η〉x
∫ r/2
−r/2
1K(γy,r)(g
t+sxξη) ds
where the integral is supported on Lr(x, γy) ∩ (γB ×A), and note that∫ T−3r
0
eδt1K(γy,r)(g
t+sxξη)dt = 0
if dΩ(x, γy) > T . With some work we have that, for the case where dΩ(x, γy) > 2r,∫
dµx(ξ) dµx(η)
e−2δ〈ξ,η〉x
∫ r/2
−r/2
1K(γy,r)(g
t+sxξη) ds ∼ r2µx(Or(ξ0, x))µy(η0, y)).
From the strong mixing of the geodesic flow in the quotient (Theorem 18), we
have, for large enough t,
e−/3m(K+)m(K−) ≤ ‖mΓ‖
∑
γ∈Γ
m(K+ ∩ g−tγK−) ≤ e/5m(K+)m(K−).
But now we can use the definition of K± to find that m(K±) is bounded between
constant multiples of µx(A) or µy(B), with the bounding constants given in terms
of shadows: for K+ = K(x, r, A) we have
m(K+) = r
∫
A
dµx(ξ)
∫
Or(ξ,x)
eδ〈ξ,ζ〉xdµx(ζ).
Since 〈ξ, ζ〉x ≤ r (from Lemma 6) and A ⊂ V , we obtain
e−/30rµx(A)µx(Or(ξ0, x)) ≤ m(K+) ≤ e/10rµx(A)µx(Or(ξ0, x)).
Arguing similarly with K− = K−(y, r, B), we obtain
e−/30rµy(B)µy(Or(η0, y)) ≤ m(K−) ≤ e/10rµy(B)µy(Or(η0, y)).
Thus, to outline, we have, for all sufficiently large T ,∫ T
0
eδt
∑
γ∈Γ
m(K+ ∩ g−tγK−) dt ∼ M
δ‖mΓ‖e
δTµx(A)µy(B)
from mixing on the one hand, where M := r2µx(Or(ξ0, x))µy(Or(η0, y)), and∫ T
0
eδt
∑
γ∈Γ
m(K+ ∩ g−tγK−) dt ∼ M
δ‖mΓ‖e
δT νTx,y(C±1 (x,A)× C±1 (y,B))
from our earlier arguments based in geometric considerations on the other. This
is the proof in a nutshell, modulo (many!) careful details, for which we refer the
interested reader to the proof of [Rob03], The´ore`me 4.1.1 (Premie`re e´tape), or
[Lin20], §8 for the amended proof of the lower bound. 
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To complete the proof of the theorem: let x, y ∈ CH and fix  > 0. Let V and W
be the open sets from Lemma 27 for some (ξ0, η0) ∈ ΛΓ × ΛΓ, and take two open
sets Vˆ, Wˆ of Ω¯ such that Vˆ ∩∂Ω = V , Wˆ ∩∂Ω = W , and consider two Borel subsets
A,B of Ω¯ such that A¯ ⊂ Vˆ and B¯ ⊂ Wˆ , and such that (µx ⊗ µy)(∂(A× B)) = 0.
Using Lemma 27 and arguing as in [Rob03] (The´ore`me 4.1.1, Troisie`me e´tape),
we have that
lim sup νtx,y(A× B) ≤ eµx(A)µy(B),
lim inf νtx,y(A× B) ≥ e−µx(A)µy(B).
One may deduce from these inequalities that for all positive continuous functions h
supported on Vˆ × Wˆ , we have
e−
∫
ϕd(µx ⊗ µy) ≤ lim inf
∫
ϕdνtx,y ≤ lim sup
∫
ϕdνtx,y ≤ e
∫
ϕd(µx ⊗ µy).
Now CH × CH is a compact subset of Ω¯ × Ω¯, and so there is a finite cover of
CH×CH by open sets of the form Vˆ × Wˆ . By using a partition of unity subordinate
to this finite cover, we see that this last set of inequalities remains valid for all
continuous positive functions on CH × CH. Finally, since CH contains the Γ-orbits
of any x ∈ CH as well as the closures of these orbits, all of the measures νtx,y, as
well as µx ⊗ µy, are supported on CH× CH, and so the inequalities remain valid for
all continuous functions on Ω¯× Ω¯.
It then remains only to take → 0 to obtain the desired convergence of integrals.
This conclude the proof. 
5. Equidistribution of primitive closed geodesics
In this section we prove an equidistribution result for primitive closed geodesics,
again with counting results for such geodesics as a consequence:
Theorem 29 (cf. [Rob03], The´ore´mes 5.1.1 and 5.2). Suppose Γ is geometrically
finite, and let mΓ denote the associated Bowen–Margulis measure. Then, as `→ +∞,
δ`e−δ`
∑
g∈GΓ(`)
Dg → mΓ‖mΓ‖
weakly (a) in Cc(SΩ/Γ)
∗, and (b) in Cb(SΩ/Γ)∗.
Here GΓ(`) denotes the set of primitive closed geodesics of length at most `, and
for g ∈ GΓ = lim`→∞ GΓ(`) any primitive closed geodesic Dg denotes the normalized
Lebesgue measure supported on g. Cc(SΩ/Γ)
∗ and Cb(SΩ/Γ)∗ denote the weak*
duals of, respectively, the space of compactly-supported continuous functions on
SΩ/Γ, and the space of bounded continuous functions on SΩ/Γ.
Corollary (cf. [Rob03], Corollaire 5.3). #GΓ(`) ∼ eδ`δ` as `→ +∞.
Proof. Integrating the constant function 1 against the measure δ`e−δ`
∑
g∈GΓ(`)Dg
gives #GΓ(`). From Theorem 29, this integral converges to 1 as `→∞. 
As above, these results extend and are inspired by results first proven in the
context of closed manifolds of constant negative curvature [Mar69] and subsequently
extended to much more general settings; we refer the interested reader to the
beginning of [Rob03], Chapitre 5 for a more extended version of this history. As in
the previous section, similar results, using a slightly different notion of length, are
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known to hold for convex cocompact strictly convex projective holonomies by the
work of Sambarino in [Sam14].
Proof of Theorem 29(a). Denote by EL the measure on SΩ which descends to
δLe−δL
∑
g∈GΓ(L)Dg on SΩ/Γ. We need to prove that EL → m‖mΓ‖ weakly in
Cc(SΩ)
∗ when L→ +∞; we remind the reader here that m is the measure on SΩ
which descends to mΓ on SΩ/Γ. Let µ be the Γ-invariant conformal density of
dimension δ to which m is associated, and let µ be the measure on ∂2Ω given by
dµ(ξ, η) = eδ·(βξ(x,u)+βη(x,u)) dµx(ξ) dµx(η) = e2δ·〈ξ,η〉xdµx(ξ)dµx(η)
which is independent of the choice of x ∈ Ω and u ∈ (ξη) ⊂ Ω. We recall again that
by definition, m = µ⊗ ds on SΩ = ∂2Ω× R.
We will first use Theorem 25 to obtain a measure νLx,1 converging weakly to µ
when L→ +∞, then successively modify νLx,1 to form νLx,2 and νLx,3, so that νLx,3 will
be supported on pairs of fixed points of hyperbolic elements, and that νLx,3 locally
approaches µ. By taking the product of ‖mΓ‖−1νLx,3 with the Lebesgue measure
on R, we obtain a measure MLx,3 approaching ‖mΓ‖−1m locally (i.e. near the fibre
over x ∈ Ω in SΩ.) To finish, we relate MLx,3 to the measure of equidistribution EL.
Fix for now x ∈ Ω and r > 0, and let V (x, r) denote the open set of pairs
(a, b) ∈ Ω2 ∪ ∂2Ω such that the geodesic (a, b) intersects B(x, r). By a corollary of
Theorem 25, the measure
νLx,1 := δ‖mΓ‖e−δL
∑
dΩ(x,γx)≤L
Dγ−1x ⊗Dγx
converges weakly in C(Ω¯)∗ to µx ⊗ µx as L→ +∞. We restrict henceforth these
measures to the open set V (x, r), that is to say that we will consider them as
elements of Cc(V (x, r))
∗. Since 0 ≤ 〈ξ, η〉x ≤ r for (ξ, η) ∈ ∂2Ω ∩ V (x, r), we have,
for all ψ ∈ C+c (V (x, r)),
e−2δr
∫
ψ dµ ≤ lim inf
∫
ψ dνLx,1 ≤ lim sup
∫
ψ dνLx,1 ≤
∫
ψ dµ
as L→ +∞.
Now as we start to modify our measure, we will make use of the following
geometric lemma:
Lemma 30 (cf. [Rob03], p. 68). Let x ∈ Ω, and fix r > 0 and  > 0.
There exists t0 = t0(x, r, ) such that if φ ∈ Isom(Ω, dΩ) satisfies dΩ(x, φx) > t0
and (φ−1x, φx) ∩ B¯(x, r) 6= ∅, then φ is hyperbolic, and e−〈φ±1x,φ±〉x <  where φ±
denote the attracting / repelling fixed points of φ.
Informally: we can identify hyperbolic isometries φ by looking for translation-like
behavior, and these exhibit North-South dynamics—for such φ and x close enough
to the axis of φ with (x, φx) sufficiently large, φ±x get arbitrarily close to φ±.)
Proof. Suppose (φ−1xφx) ∩ B¯(x, r) 6= ∅. If φ is parabolic (elliptic, resp.), then
x, φ−1x, φx are all situated on a single horosphere (a circle, which tends to a
horosphere as the radius increases), and so dΩ(x, φx) cannot be too large without
violating the condition that (φ−1x, φx)∩ B¯(x, r) 6= ∅. Thus, if the distance is larger
than a certain t0 (depending on x, r, ), then φ must necessarily be hyperbolic, and
hence, in this case, is positive proximal, i.e. has a largest eigenvalue which is positive
and of multiplicity one (see e.g. [CLT15], Proposition 2.8.)
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Now e−〈φ
±1x,φ±〉x = e−
1
2dΩ(x,φ
±1x)e
1
2βφ± (x,φ
±1x) = exp(− 12dΩ(x, φ±1x)− 12τ(φ)),
where τ(φ) denotes the translation distance of φ. We note that this is bounded above
by e−
1
2dΩ(x,φ
±x), which clearly tends to 0 as dΩ(x, φx) = dΩ(φ
−1x, x)→∞. 
Write Γh to denote the set of hyperbolic elements of Γ. According to Lemma 30,
if γ ∈ Γ is elliptic or parabolic, i.e. if γ /∈ Γh, then (γ−1x, γx) /∈ V (x,R) as soon as
dΩ(x, γx) is large enough, i.e. for all but finitely many γ. As a consequence, if we
define the measure
νLx,2 := δ‖mΓ‖e−δL
∑
γ∈Γh
dΩ(x,γx)≤L
Dγ−1x ⊗Dγx
we have νLx,1 − νLx,2 → 0 as L→ +∞ (still restricting to V (x, r).)
For γ ∈ Γh, write γ± for its attracting and repelling fixed points. By Lemma 30,
if (γ−1x, γx) ∈ V (x, r), then γ±x are uniformly arbitrarily close to γ± as long as
dΩ(x, γx) is large enough, which is to say for all but finitely many γ. Defining the
measure
νLx,3 := δ‖mΓ‖e−δL
∑
γ∈Γh
dΩ(x,γx)≤L
Dγ− ⊗Dγ+
we have νLx,3 − νLx,2 → 0 weakly as L→ +∞, when restricted to V (x, r).
It now follows from the preceding series of inequalities and convergences that
e−2δr
∫
ψ dµ ≤ lim inf
∫
ψ dνLx,3 ≤ lim sup
∫
ψ dνLx,3 ≤
∫
ψ dµ
for all ψ ∈ C+c (V (x, r)), and hence for ψ ∈ C+c (∂2Ω ∩ V (x, r)), since the measures
we are talking about are supported on ∂2Ω.
For γ ∈ Γh, we let gγ ⊂ SΩ denote the oriented axis of γ, and Lγ denote the
Lebesgue measure supported on gγ , and finally
MLx,3 = δe−δL
∑
γ∈Γh
dΩ(x,γx)≤L
Lγ .
In other words, MLx,3 = ‖mΓ‖−1νLx,3 ⊗ ds. Let Vˆ (x, r) := V (x, r)× R ⊂ SΩ. From
the preceding, we obtain, for ψ ∈ C+c (Vˆ (x, r)),
e−2δr‖mΓ‖−1
∫
ψ dm ≤ lim inf
∫
ψ dMLx,3
≤ lim sup
∫
ψ dMLx,3 ≤ ‖mΓ‖−1
∫
ψ dm(3)
Then, arguing as in the proof of [Rob03], The´ore`me 5.1.1, we may establish that
for all ϕ ∈ C+c (Vˆ (x, r)), as t→ +∞,
lim inf
∫
ϕdMLx,3 ≤ lim inf
∫
ϕdEL
≤ lim sup
∫
ϕdEL ≤ e(2δ+1)r lim sup
∫
ϕdMLx,3
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so that
e−2δr‖mΓ‖−1
∫
ϕdm ≤ lim inf
∫
ϕdEL
≤ lim sup
∫
ϕdEL ≤ e(2δ+1)r‖mΓ‖−1
∫
ϕdm.
Appealing to a locally-finite partition of unity subordinate to a covering of SΩ
by Vˆ (x, r) with x ∈ Ω and r > 0 fixed, we extend the validity of the preceding
inequalities to all functions ϕ ∈ C+c (SΩ). It remains only to take r → 0 to conclude
the proof. 
Proof of Theorem 29(b). Let ELΓ denote the measure δLeδL
∑
g∈GΓ(L)Dg on SΩ/Γ.
By part (a), we already know that ELΓ → mΓ‖mΓ‖ weakly in Cc(SΩ/Γ)∗ when L→ +∞.
We start by replacing ELΓ by a nearby measure which will be better adapted to the
argument to come, namely
MLΓ := δe−δL
∑
g∈GΓ(L)
`(g)Dg
(we remark that `(g)Dg is simply the non-normalized Lebesgue measure along g.)
We may verify, by arguing as in the proof of [Rob03], The´ore`me 5.2, that we still
have MLΓ → mΓ‖mΓ‖ weakly in Cc(SΩ/Γ)∗ when L → +∞. and that it suffices to
show that MLΓ converges weakly to mΓ‖mΓ‖ in Cb(SΩ/Γ)∗ as L→ +∞, to obtain the
same (desired) conclusion for ELΓ .
The rest of the proof consists in demonstrating that MLΓ converges
weakly to mΓ‖mΓ‖ in Cb(SΩ/Γ)
∗ as L→ +∞. We present this step in more detail
since it more intimately involves the Hilbert geometry in the cusps.
Per Theorem 1, choose a convex locally-finite fundamental domain F ⊂ Ω for the
action of Γ on Ω with S∗m-negligible boundary, where S∗m is the measure on Ω
given by S∗m(B) := m(SB). Then SF is a locally-finite fundamental domain for
the action of Γ on SΩ, with m-negligible boundary.
Take P to be a system of representatives of Γ-orbits of parabolic fixed points of
Γ y Ω¯, and, for ξP ∈ P , let P = StabΓ(ξP ). As in the last bit of §1.4, P is finite and
for each ξP ∈ P we can find a horoball HP based at ξP such that γHP ∩HP 6= ∅ if
and only if γ ∈ P . Given r > 0, we let HP (r) denote the horoball contained in HP
whose boundary is distance r from that of HP . Then, writing
Fr := F \
⋃
ξP∈P
ΓHP (r)
to denote the “thick part” of the fundamental domain, we know that the intersection
of Fr with the convex hull of the limit set ΛΓ is compact in Ω.
Let ML denote the measure on SΩ which projects to MLΓ , and S∗ML denote
the measure on Ω defined by S∗ML(B) :=ML(SB). Since MLΓ converges weakly
to mΓ‖mΓ‖ in Cc(SΩ/Γ)
∗ as L→ +∞, and the intersection of SFr with the support
of m (which also contains the support of ML) is compact for each r ≥ 0, it suffices
to show that
lim sup
L→+∞
S∗ML(F \ Fr)→ 0
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as r → +∞, or that, for each ξP ∈ P,
lim sup
L→+∞
S∗ML(F ∩ ΓHP (r))→ 0
Informally: convergence in Cc gives us control over the thick part, so it suffices to
control what happens in each of the finitely many cusps.
The remainder of the argument will resemble a more refined version of the
argument in the proof of Theorem 10: whereas there we had a finite bound for the
measure of the cusps, here we want a bound that asymptotically goes to zero.
Fix, from here on, ξP ∈ P. We will omit, in the sequel, the index P (so
H = HP , ξ = ξP , etc.) in the interest of brevity. Choose a compact fundamental
domain D for the action of Γ on ΛΓ r {ξ}. Modifying if necessary the locally-finite
fundamental domain F for Γ which we had previously chosen, we may assume that
F ∩ ΓH = F ∩H, and hence that F ∩ ΓH(r) = F ∩H(r) for r ≥ 0.
Given a hyperbolic isometry γ ∈ Γ, we let gγ ⊂ Ω denote its unoriented axis,
and Lγ the Lebesgue measure along gγ . We have S∗ML = δe−δL
∑
`(γ), where
the sum is taken over γ ∈ Γhp with `(γ) ≤ L. Since the endpoints of gγ are in
ΛΓ \ {p} =
⋃
pi∈P piD, we may write
S∗ML(F ∩H(r)) = δe−δL
∑
pi1∈P
∑
pi2∈P
∑
Lγ(F ∩H(r))
where the third sum is taken over γ ∈ Γhp with `(γ) ≤ L and with axis going from
pi1D to pi2D. As on [Rob03], p. 74, writing Γ(L, pi) to denote the set of γ ∈ Γhp
with `(γ) ≤ L and with axis going from D to piD, we may rewrite this as
(4) S∗ML(F ∩H(r)) = δe−δL
∑
pi∈P
∑
γ∈Γ(L,pi)
Lγ(H(r))
We now bound from above the quantity
∑
Γ(L,pi) Lγ(H(r)). Choose a
geodesic going from D to ξ, and denote by x the point of intersection of this geodesic
and the horosphere ∂H. We will use the following geometric lemma, which uses the
strict convexity of the horoballs:
Lemma 31. Suppose we are given a compact fundamental domain D for P y
ΛΓ r {ξ}, a geodesic g0 from D to ξ, and a horoball H. Write x := g0 ∩ ∂H.
Then there exists κ > 0 such that if a geodesic g from D enters the closed horoball
H¯ at a point y ∈ ∂H, then dΩ(x, y) ≤ 12κ.
Proof. We note that F ⊂ Or′(ξ, x) for some r′ > 0 that depends only on P and
F . By the relative compactness of D, we may take r′ independent of g. Since P is
finite, there is a single r′ which works for all ξ ∈ P. We can then take κ = 2r′. 
Now consider γ ∈ Γ(L, pi) such that Lγ(H(r)) > 0, i.e. the axis gγ intersects H(r).
Let a be the point where gγ enters H¯, b the point where it enters H(r), c the point
where it exits H(r) and d the point where it exits H¯. By Lemma 31, we have on
the one hand dΩ(a, x) ≤ 12κ, and on the other hand dΩ(d, pix) = dΩ(pi−1d, x) ≤ 12κ
since the axis pi−1gγ runs, in the opposite direction, from D, entering pi−1H¯ = H¯
at the point pi−1d. Moreover, dΩ(a, b) ≥ r and dΩ(c, d) ≥ r. It then follows that
Lγ(H(r)) = dΩ(b, c) = dΩ(a, d)− dΩ(a, b)− dΩ(c, d) ≤ dΩ(x, pix) + κ− 2r
Note, in particular, that dΩ(x, pix) ≥ 2r−κ. Moreover, dΩ(x, γx) ≤ dΩ(a, γa) +κ =
`(γ) + κ ≤ L+ κ. We will need these facts below, soon.
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We will finish by bounding from above the cardinality of the set Γ(L, pi, r) of
γ ∈ Γ(L, pi) such that Lγ(H(r)) > 0, by applying the shadow lemma (Lemma 8) to
the Γ-invariant conformal density µ of dimension δ associated to m.
Take R0 > κ large enough, depending only on Γ, so that the shadow lemma
applies to the shadow of the balls B(γx,R) viewed from x for all R ≥ R0. Since
the axis gγ is at a distance of at most
1
2κ ≤ 12R from x as well as from γx, any
shadow Oγ of B(γx,R) viewed from x contains the attracting fixed point of γ, and
thus intersects piD. pi−1Oγ is the shadow of B(pi−1γx,R) viewed from pi−1x and
intersects D (indeed, contains the repelling fixed point of γ.)
Because D is compact, we can choose R ≥ R0, depending only on Γ and P , such
that there exists some compact set K ⊂ ∂Ωr {ξ} containing all of the pi−1Oγ for
γ ∈ Γ(L, pi, r). To ensure that R is not so large that these shadows end up being all
of ∂Ω, it is helpful to require e.g. R < 2r; for the shadow lemma to still apply we
would then need r > κ2 , but this is fine since we are taking r → +∞. Fix this value
of R, and let C = Cx,R be the constant from the shadow lemma.
Given γ ∈ Γ(L, pi, r), we have Oγ ⊂ piK. Now for all t > 0, the family
{Oγ : γ ∈ Γ(L, pi, r), t− 1 < dΩ(x, γx) ≤ t}
forms a cover of some open subset of piK of uniformly bounded multiplicity M , by
Lemma 9. Since µx(Oγ) ≥ C−1e−δt by the shadow lemma, it follows that
#{γ ∈ Γ(L, pi, r) | t− 1 < dΩ(x, γx) ≤ t} ≤ CMeδtµx(piK).
We have seen above that dΩ(x, γx) ≤ L+κ for all γ ∈ Γ(L, pi, r); by summing the
previous estimate over positive integers t, we have that the cardinality of Γ(L, pi, r)
is bounded above by CMe
δκ
eδ−1 e
δLµx(piK).
It hence suffices to bound µx(piK) from above. We have
µx(piK) = µpi−1x(K) =
∫
K
e−δβξ(pi
−1x,x) dµx(ξ).
Now observe that we can choose r0 > 0 depending only on P such that K is contained
in the shadow, viewed from pix, of a ball with center x and radius r0. An application
of Lemma 7 then shows that µx(piK) is bounded above by e
2δr0e−δ·dΩ(x,pix).
Putting these together, we obtain, ultimately, that
#Γ(L, pi, r) ≤ CMe
δ(κ+2r0)
eδ − 1 e
δL−δ·dΩ(x,pix).
Combining this with (4) yields
S∗ML(F ∩H(r)) ≤ Cˆ
∑
pi∈P
dΩ(x,pix)>2r−κ
(dΩ(x, pix)− 2r + κ)e−δ·dΩ(x,pix)
where Cˆ = δCMe
δ(κ+2r0)
eδ−1 is a constant independent of L and r.
We now observe that, because δΓ > δP (Lemma 11),
∑
pi∈P dΩ(x, pix)e
−δ·dΩ(x,pix)
converges. It then follows from the convergence of this series that
lim sup
L→+∞
S∗ML(F ∩H(r))→ 0
as r → +∞. Thus we have controlled the measure in the cusps, and as described
above this concludes the proof. 
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